There are two results within this paper. The one is the regularity of trajectory attractor and the trajectory asymptotic smoothing effect of the incompressible non-Newtonian fluid on 2D bounded domains, for which the solution to each initial value could be non- 
Introduction
The first goal of this article is to prove the regularity of trajectory attractor and to reveal the trajectory asymptotic smoothing effect for the following 2D incompressible non-Newtonian fluid:
∂u ∂t + (u · ∇)u + ∇ p = ∇ · τ e(u) + g(x), x = (x 1 , x 2 ) ∈ D, where D is a smooth bounded domain of R 2 , the unknown vector function u = u(x, t) = (u (1) , u (2) ) denotes the velocity of the fluid, g(x) = (g (1) , g (2) ) is the time-independent external force function, and the scalar function p represents the pressure. (e(u) ) and e ij (u) is nonlinear, then the fluid is called to be non-Newtonian. For instance, molten plastics, polymer solutions and paints tend to be non-Newtonian fluids. One can refer to [5] [6] [7] 32, 37, 40] and the references therein for detailed physical significance. There are many works concerning the unique existence, regularity and asymptotic behavior of solutions to Eqs. (1.1)-(1.3) or its associated version (see e.g. [4, 7, 8, 18, 19, 23, 24, 29, 32, 37, 40] and [45] [46] [47] [48] ). The issue of regularity of global attractor is classical in the study of infinite dimensional dissipative systems. Let us describe a related issue, e.g., one may choose to study the long time behavior of solutions to (1.1)-(1.3) supplemented with initial condition in space H (which has L 2 regularity) and V (which has H 2 regularity), respectively, and then prove the existence of a global attractor A H and A V for the corresponding solution operator semigroup in H and V , respectively. We then have A V ⊆ A H .
Hence, the regularity result of the global attractor implies that the reverse inclusion holds true, and then we can conclude two results from this regularity. The one is that the global attractor associated to (1.1)-(1.3) does not depend on the energy space chosen for the mathematical studying; the other is the asymptotic smoothing effect of the fluid in the sense that the solutions become eventually more regular (belonging to V ) than the initial data (belonging to H ).
Indeed, some authors discussed the regularity of global attractors for some model dissipative systems. For instance, Oliver [21, 22] studied Schrödinger equations, Li and Guo [35, 36] investigated Klein-Gordon-Schrödinger equations and long-wave-short-wave resonance equations, Zhao and Li [45, 46] discussed non-Newtonian fluid. As far as we know, however, there are few papers concerning the regularity of trajectory attractor for dissipative systems for which solutions to the corresponding Cauchy problem may not be unique.
In many evolution equations, possible absence of uniqueness of solutions makes some difficulties in the study of the asymptotic behavior of its solutions. For example, we all know that the uniqueness of weak solutions to the basic boundary value problem for three-dimensional (3D) Navier-Stokes equations still remains unproved [42] . Hence, one cannot use the classical methods based on the analysis of the global attractor (or kernel sections, uniform attractor) of the corresponding semigroup (or process) to discuss the behavior of solutions to this equations.
There are three methods to overcome the difficulties associated to possible non-uniqueness of solutions in the study of dynamical systems. The first one is a generalized semi-flow which was formulated by Ball [2] . The second one is multi-valued dynamical systems, one can refer to Melnik and Valero [38, 39] for multi-valued semi-flows, Kapustyan and Valero [31] , Caraballo et al. [12, 15] , Wang and Zhou [44] for multi-valued process (or semiprocess), and Caraballo et al. [9] [10] [11] for multi-valued random dynamical systems. Caraballo et al. [14] gave a detailed comparison between the theories for generalized semi-flow and multi-valued dynamical systems. The third one is a trajectory attractor. The definition of trajectory attractor was initially developed to overcome difficulties related to possible non-uniqueness of weak solutions for the 3D Navier-Stokes equations (see e.g. [16, 17, 43] ). Later, the theory of trajectory attractor has proved very useful for other models whose solution corresponding to each initial state could be non-unique.
The first result within the present article is the existence and regularity of trajectory attractor for the non-Newtonian fluid. Reference [48] 
and in Ω m :
2 ) denote the exterior units normal to the boundary ∂Ω and ∂Ω m , respectively. The first conditions in (1.6) and (1.10) represent the usual no-slip condition associated with a viscous fluid, while the second ones express the fact that the first moments of the traction vanish on boundary; it is a direct consequence of the principle of virtual work. We refer to [5] [6] [7] [8] 32, 37, 40] and the references therein for detailed physical background.
It is worthwhile pointing out that when μ 0 , μ 1 , > 0 and α ∈ (0, 1), Bloom and Hao [7] proved the unique existence of solutions to problem (1.4)-(1.7) on Ω. Thus we will concentrate our attention on α ∈ (0, 1) in Section 3, instead of the case α > 0 in Section 2.
Let A and A m be the global attractors of problems (1.4)-(1.7) and (1.8)-(1.11), respectively. The second result within the current paper is the upper semicontinuity of the global attractors A with respect to {A m } ∞ m=1 when m → +∞. We prove that for any neighborhood
when m is large enough. The upper and lower semicontinuity of attractors for nonlinear evolution equations have been studied by Babin and Vishik [3] , Caraballo and Langa [13] , Elliott and Kostin [20] , Hale [25] , Hale et al. [26] , Hale and Raugel [27, 28] , Kostin [30] , Lu and Wang [34] , and others.
The paper is organized as follows. In Section 2, we construct the trajectory attractor and prove its regularity. Then we reveal the trajectory asymptotic smoothing effect of the fluid. In Section 3, we first establish three lemmas and then verify the upper semicontinuity of the global attractors. We end this paper with some remarks in Section 4.
In this paper, we use the standard norm of Lebesgue spaces and Sobolev spaces [1] . "−→" and " " denote convergence in strong and weak topologies, respectively. " →" denotes continuously embedding between spaces. C (·, · ,·) denotes the constant depending on the quantities appearing in the bracket. We will use C to denote generic constant for brevity and allow it to take different values in different places.
Regularity of trajectory attractors
In this section, we first introduce some operators and notations to translate the IBVP associated to (1.1)-(1.3) into an abstract form. Then we prove the existence of regular trajectory attractor. Finally, we verify the regularity of the trajectory attractor and show the trajectory asymptotic smoothing effect for the 2D incompressible non-Newtonian fluid.
Notations and preliminaries
From the viewpoint of physics, the IBVP associated to (1.1)-(1.3) can be formulated as follows:
3)
The physical background is similar to those in the introduction. To write the problem into a functional setting, we introduce some function spaces. Set
(·,·) denotes the inner product in H and ·,· stands for the dual pairing between V and V ; also, we set H η = (− ) −η/2 H (η 0 and the Laplace operator is taken with zero boundary condition u| ∂D = 0) and use H −η to denote the dual space of H η . In the whole paper, we take 0 < η 2 and thus the embeddings
(2.5) 
From the definition of a(·,·) and Lemma 2.1 we see that a(·,·) defines a definitely positive symmetric bilinear form on V . As a consequence of the Lax-Milgram Lemma, we obtain an isometric 
we have
For brevity, we use
2 in the sequel. We also define a continuous trilinear
(2.8)
and define N(u) as
Proof. The assertion of this lemma can be found in [45] . 2
Excluding the pressure p, we can express the weak version of problem (2.1)-(2.4) in the solenoidal vector fields as follows (see [7, 45] ):
12)
We next specify the definition of weak solutions to (2.12) [33] ). We can prove by using Galerkin method that the Cauchy problem (2.12)-(2.13) has at least one solution
and satisfying the following energy equality (2.14) in the following sense:
In this paper, we use Π + to denote the restriction operator (with respect to time variable) to the semi-infinite interval R + . Analogously, Π T stands for the restriction operator to the interval [0, T ]. 
The following results were proved in [48] . [48] .) 
Lemma 2.3. (See
(i) For any u 0 ∈ H , there exists a trajectory (maybe not unique) u ∈ T tr H such that u(0) = u 0 ; (ii) T tr H is translation invariant under {S(t)} t 0 , i.e., S(t)T tr H ⊆ T tr H , ∀t 0; (iii) T tr H ⊆ C loc (R + ; H −η ) ∩ L ∞ (R + ; H).S(t)u L ∞ (R + ;H) + S(t)u L 2 (0,1;V ) + S(t)∂ t u L 2 (0,1;V ) = ess sup s t u(s) + t+1 t u(s) 2 V ds 1/2 + t+1 t ∂ t u(s) 2 V ds 1/2 c 3 u L ∞ (0,1;H) e −βt/2 + c 4 u 2 L ∞ (0,1;H) e −βt + R 0 , ∀t 0. (2.16) Lemma 2.5. (See [48].) Let g ∈ V . Then (2.12) possesses a trajectory attractor A tr H ⊂ T tr H satisfying Defini- tion 2.2.
Regular trajectory absorbing set
We now let g ∈ H and specify the definition of regular weak solutions to the problem (2.12) 17) in the following sense:
is a regular weak solution of (2.12) on [0, T ] and Π T u(t) satisfies (2.17) in the sense of (2.18).
Similar to the derivation of (3.11) in [47] , we have
Proof. The assertion of (1) can be deduced from [45] . (2) is obvious. 2
Proof. By the definition of regular trajectory space, for any 
where F 3 (·) is a continuous monotone function.
Multiplying (2.12) by u t and integrating over D, we obtain u t
By the Gagliardo-Nirenberg and Cauchy inequalities,
Thus, from (2.22) and Lemma 2.1, we obtain
where
By (3.9) of [48] or (2.16), we can get
where Similarly to (2.24), we get by using (2.6) that
(2.26)
2 , 27) where the fact that D |e(u)| 2 dx 9 u 2 V has been used. From (2.26)-(2.27), we get
(2.28) 
Therefore, we have for any t ∈ R + and t 1 ∈ [t, t + 1] that 
It then follows from (2.31) and Lemma 2.1 that 32) and thus for any t ∈ [1, +∞) there holds
Now multiplying (2.12) by Au, we get
.
We next estimate the terms in (2.34). 
Now from the proof of Lemma 2.6 we can see that (2.42) and thus Proof. Set 46) which implies that S(t)B V ⊆ Λ for ∀t t * and thus Λ is a trajectory absorbing set for {S(t)
The proof is complete. 2
Existence of regular trajectory attractor
Before proving our main result, we establish the following lemma. 
) and a subsequence (still denote by {u n }) of {u n } such that 
Obviously, (2.51) can be deduced directly from (2.48). Also from (2.48) and the compact embedding
(2.56)
By Hölder inequality and Gagliardo-Nirenberg inequality, we get
where C is a constant depending on the L ∞ (R + ; V )-bound of the sequence {u n } and T , but not on n.
Analogously, 
Thus we obtain 
for any t ∈ R + . By the invariance property and attracting property of the trajectory attractor, we have for any T > 0 that
On the other hand, Lemma 2.13 and the invariance property of the trajectory attractor tell us that (2.60) . Also by the invariance property and attracting property of the trajectory attractor, we obtain for any T > 0 that 1)-(1.3) can be written as ∂u ∂t 2) and ∂u m ∂t 
Selected results

We now remark that the spaces H(Ω), H(Ω m ), V (Ω)
. In this sense, u m can be regarded as a function defined on Ω. (3.5) and the solution operator S(t) :
is continuous from H(Ω) into itself. Moreover there exists a ρ > 0 such that for any bounded B(Ω) ⊂ H(Ω), there exists a T B(Ω) > 0 such that
( 
(
ii) (See [45].) Let g ∈ H(Ω). Then the semigroup {S m (t)} t 0 associated with (3.3)-(3.4) possesses a global attractor
From Lemma 3.1 and Lemma 3.2 we infer that there exist ρ > 0 and T * > 0 (independent of m)
and
are the bounded absorbing sets for {S(t)} t 0 and {S m (t)} t 0 , respectively, and
We all know that the global attractor of a dynamical system consists of its all bounded complete trajectories which are defined on the whole real line. Thus the semigroups {S(t)} t 0 and {S m (t)} t 0 could be extended to the real line.
Three lemmas
In this subsection, we prove three lemmas, which are essential to the proof of the main result. 
Assume that p is the corresponding pressure. We see from (1.4) 
Taking the inner product of (3.1) with χ 2 r u, noting ∇ · u = 0, we obtain
Using integrating by parts we have
(3.14)
Since
Similarly, we have
The rest terms in (3.12) are estimated as
Using Gronwall inequality, we get 20) where δ = 2μ 1 . Let k be the integer such that k t k + 1, then by Lemma 3.1 and (3.11) (fixing (3.24) S m (t)u m,0 S(t)u 0 weakly in H(Ω), for each t ∈ R. S m (t)u m,0 ρ. (3.26) Thus by Eq. (3.3) we infer that for each 31) and get ρ, for each t ∈ R, (3.34) which means the solution S(t)u(0) is defined on R and bounded. Thus S(t)u(0) ∈ A for all t ∈ R. In particular, u(0) ∈ A. The proof is complete. 2
Upper semicontinuity of global attractors
In this subsection, we improve Lemma 3.5 to obtain the following Lemma 3.6, then we combine Lemma 3.6 and the argument of contradiction to establish the upper semicontinuity of global attractors. Proof. We first construct an energy equality for non-Newtonian fluid. Define J·,·K :
Then by Lemma 2.1, we have 
(3.37)
By the formula of constant variation, we get the following energy equality 38) where κ = 2c 1 μ 1 , and
We remark that J·,·K can also be defined on V (Ω m ) × V (Ω m ) and the above energy equality also holds true for the solution of 
Let t = T , and we get u m,0 (3.43) and by the uniqueness of limit, (3.45) where ρ is independent of m and T . Secondly, by (3.25) we get (3.46) which, together with the fact g ∈ H(Ω), implies
Thirdly, (3.36) shows that J·K = J·K 2 is a norm in V (Ω) which is equivalent to · V (Ω) , while
is clear. Thus
which is equivalent to the usual norm. Using (3.24), we can get 
Finally, we verify the following inequality: 0) ), applying the integration by parts first and then the above inequality about F (s), we have
(3.54)
By Lemma 3.1 and Lemma 3.2, we see that for each k ∈ Z + , c 6 
Some remarks
We end this paper with three remarks.
Remark 4.1. Vishik and Chepyzhov constructed the trajectory and global attractors for 3D NavierStokes equations in [43] . We note that the regularity of trajectory attractor also holds true for the Navier-Stokes equations, which implies the trajectory asymptotic smoothing effect of the 3D NavierStokes equations. interesting and meaningful. This will be the topic of our forthcoming paper.
